A relativistic wave equation for the description of a composite system with non-relativistic internal motion is deduced from the Bethe-Salpeter equation.
INTRODUCTION
In 1932 tion not only for time-like total momentum P of the system, in which case the total mass M -P possessed a discrete, angular-momentum-dependent spectrum, but also for space-like P which implied the existence of a continuum spectrum of imaginary masses.
This type of equation was later rediscovered by 2) Gel'fand and Yaglom who, however, did not discuss the difficulty of the space-like solutions. They showed that the simplest forms of these equations implied a not too encouraging feature of a mass spectrum going to zero with increasing angular momentum quantum number j , Lately, generalizations of the Majorana equations have been proposed by Nambu and studied by Fronsdal and Barut . who showed that the characteristic of spectra going to zero with increasing quantum numbers could be avoided by allowing the possibility of representing by these equaF^uch tions known physical systems as the hydrogen atom. But the unwanted space-like solutions are in general still present in these equations'! other difficulties also appear as one attempts to take these equations as a basis for a "fundamental" field theory and proceeds to a second quantization Neverthelessj the interest in the Majorana type approach still persists because it represents an almost unique theoretical scheme to describe relativistically multi-mass systems with internal degrees of freedom having definite symmetry properties.
"When these properties are expressed in algebraic form the Majorana approach represents an excellent example of realization of the dynamical group programme and a possible way to get some insight into the so-called elementary particle dynamics, especially after the remarks on the role they might have in connection with the ;ca 8) 7) reggeization of scattering amplitudes and with current algebra approach
In this paper we wish to present an attempt at understanding a possible role in physics of the Majorana type equations and of a possible way of eliminating the known difficulties.
To begin with, there are in nature well-known "in-9) finite component" systems like the hydrogen atom and the harmonic oscillator so, in our opinion, any accept- will contain in principle no more difficulties than the original composite model equation^ in particular, space-like solutions will be avoided and only in the interaction with external fields will the structure of the composite system play a role which might become decisive for the distinction between the "elementary"
and "composite" systems.
Other attempts at interpreting linear relativistio equations in terms of internal degrees of freedom have been proposed . Our attempts is characterized by the fact that we start from a known, soluble composite system and try to construct a relativistic equation for its motion as a whole. In Section 2 we take as a basis for the study of the composite system the Bethe-Salpeter equation in the ladder approximation. For the centre of mass we shall keep the strictly relativistic description while for the relative motion we shall take the nonrelativiBtio one. The reduction of the relative motion from the relativistic to the non-relativistic form will be done by using only "relativistic covariant operations" in such a way that, step by step, the theory keeps its overall relativistic covariant and, at the end, we shall obtain the equation of a system with slow relative motion as seen from a rapidly moving observer.
In Section 3 we take a.s a composite system with definite internal symmetry the hydrogen atom and, through a relativistic generalization of the Fock stereographic (4) represented by the stability group of P in the five-dimensional P -space. We can put this equation into an S0(4.l) covariant form if we add a new space-like dimension to the total momentum space.
By allowing rotations in the space so extended, Pa, will gain another component P4 and in Eq.(3.3)
we now have while Fa satisfies \.r-o (3.4"') For the physical interpretation we have to rotate back in the reference system where ~B^0
The Lie algebra of this S0(4,l) group is clearly (3 -5) In Eq. (3) (4) (5) we call the first part, constructed with the P a 1 "orbital" ' and the second part, built up with the kj, "spin part".
The Lorentz sub-algebra S0(3,l) of S0(4,l) is de- space. In our case we could proceed analogously by taking as a compact SO(4) the one which leaves invariant, in the t" a space, the direction of P a .
"We should then enlarge this group to an S0 (4,l) where D is the angular part of the four-dimensional
Laplace operator in the hyperplane F«j =C/ .
By writing explicitly we get where ,-. _
The details of the calculations and considerations on the algebras are given in the Appendix.
We remark that with the substitution (3.8 1 ), Eq. Therefore it is a function of "W and P. but its P dependence is only apparent since N can always be expressed as a differential operator in a F -space orthogonal to P and its eigenvalues are P-independent
We must still show that SI commutes with P'P , and in order to achieve this result it is sufficient to show thatfpT^WJ = 0. In fact both V'F and W are invariant becomes negative with range from 0 to -OO and ^ build up a representation of SO (3, 2) .
These eigenvalues and eigenfunctions can still be obtained from Eq.(3.l8) where one has only to change the metric from (+1,-1 ; -l,-1 ; -l) to (+lj-1,-1,-l,+l).
CONCLUSION AND OUTLOOK
It has been shown that it is possible to give a relativistic description of the centre-of-mass motion of a composite system with non-relativistic internal motion. This possibility corresponds to the remark that if a system has a simple, non-relativistic behaviour for an observer at rest, the same must be true for a moving observer.
In particular, if the relative motion is soluble and the eigenstates of the internal motion at rest" build up a representation of a non-compact group, as in the case of the hydrogen atom, then the relative motion can be completely algebraized and ti\e centre-of-mass motion can be described by a relativistio equation of the Majorana type. And it is not surprising that for the hydrogen atom, where the symmetry algebra is S0(4) and the spectrum-generating algebra is S0(4,l)> the Majorana equation describing the relativis^ic behaviour of the system as a whole acts on a space spanned by a representation of the algebra SO(4,2), This equation then represents a good example of how a radial internal quantum number ,of non-relativistic origin can become a "good index" for a Poincare transformation applied to the system by taking into account its covariance with respect to the 10(4,1). This happens because that quantum number is connected with the " Pauli -Lubansky " operator of a group having the Poincare group as a subgroup.
At this point one could think of introducing into the found equations perturbative effects which will break the symmetry. In particular, we could take into account the effect of considering the internal motion as relativistic. One should then, at the cost of simplicity, start some steps sooner in the derivation of the equation of motion and, for instance, include the spin of one or both of the constituents.
In the example considered this will certainly break the S0 (4) From this point of view we can now try to express J)
byusing the generators of the internal S0 (4,l It is easily seen that the operator \) does not commute with the j 3 b , which^therefore connect states corresponding to different eigenvalues, "but it commutes with the invariant operators of SO (4, 1) so that it can he diagonalized together with them. So, making the correspondence Zfjf<*)0 "^ SRM ( jw» we can use the d? as a "basis for the S0(4,l) of spin, which will transform the <£> (& ) into a linear combination ^f f/-^r C^r ^r (// and this transformation corresponds to the transformation j^ -> ST r Cv, r ir • Now it is sufficient to choose a correct representation of S0(4,l) G-*e*> having the desired decomposition with SO(4)} in order to obtain the final result that the spin group is the non-compact group connecting all the different solutions of eq*(A»4*)• 9) It is clear that the "infinite" number of components is a mathematical idealization never realized in nature beoause a shield to the potential, however far away, always exists, so one should adopt the theory to represent a large number of states instead of an infinite number. However, it is conceivable that the difference between the infinite-component idealization and the formally more difficult finite one is only marginal.
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